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Abstract. We generalize the Ruh-Vilms problem by characterizing the subma- 
nifolds in Euclidean spaces with proper biharmonic Gauss map and we construct 
examples of such hypersurfaces. 

1. Introduction 

As it is classically known, most of the extrinsic geometry of an oriented sub- 
manifold M"^ in the Euclidean space M*""^" can be described by its Gauss map 
7 : M — > G{m, n) which assigns to every point p £ M the tangent space TpM, 
thought of as a point of the Grassmannian of oriented m-dimensional subspaces 
of M™+". A splendid example is the celebrated Ruh-Vilms Theorem which asserts 
that the Gauss map 7 : M ^ G{m, n) is a harmonic map if and only if the mean 
curvature vector field of M in M™'^" is parallel. Here we say that a smooth map 
(j) '■ (M, g) — > (A^, h) between Riemannian manifolds is harmonic if it is a critical 
point of the energy functional E{(j)) = ^ \d(j)\'^ Vg, i.e. </) is a solution of the cor- 
responding Euler-Lagrange equation which is given by the vanishing of the tension 
field r((/)) = trace V(i(/). 

A natural extension of harmonic maps is provided by biharmonic maps (as sug- 
gested by J. Eells and J.H. Sampson in [7]) which are the critical points of the 
bienergy functional £'2(0) = | /a/ I'^i't')]'^ Vg. In [TO] G.Y. Jiang derived the first 
variation formula of the bienergy showing that the Euler-Lagrange equation for E2 
is 

T2{(l)) = - J {t {(P)) = -At {(p) -trace R^{d(p,T{(l)))d(P 
(1.1) = 0, 

where J is (formally) the Jacobi operator of (f), A is the rough Laplacian defined on 
sections of (j)~^{TN) and R^{X,Y) = VxVy — VyVx — V[x,y] is the curvature 
operator on {N,h). 

In this paper we propose to study the biharmonic equation (t2(</<) = 0) for the 
Gauss map of submanifolds in the Euclidean space, in the intent to generalize the 
Ruh-Vilms Theorem to the case of biharmonicity. To pursue our intent we first 
derive the equation that characterizes the submanifolds in the Euclidean space with 
biharmonic Gauss map (Theorem 13. ip . Although the condition that ensures the 
biharmonicity of the Gauss map is rather technical, in the case of hypersurfaces it 
simplifies and gives the following: the Gauss map of an orientable hypersurface 
in M'"+^ is proper biharmonic if and only if grad / 7^ and 

Agrad/ + yl2(grad/) - l^l^grad/ = 0, 

where A denotes the rough Laplacian on C{TAI) while / and A denote the mean 
curvature function and the shape operator, respectively (see also [2]). 
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The last part of the paper is devoted to the construction of examples of hyper- 
surfaces with biharmonic Gauss map. We study the biharmonicity of the Gauss 
map for hypercones generated by constant mean curvature hypersurfaces in spheres 
(Theorem 14. 3p and, in particular, by isoparametric hypersurfaces, obtaining explicit 
examples. Non-existence results for hypercones in M.^ and with proper biharmonic 
Gauss map are obtained (Theorem 14.41 and Theorem 14. 5p . 

2. Preliminaries 

2.1. Biharmonic maps between Riemannian manifolds. We recall the follow- 
ing facts on biharmonic maps: 

(i) the equation T2{(j)) = is called the biharmonic equation and a map (p is 
biharmonic if and only if its tension field is in the kernel of the Jacobi oper- 
ator; 

(ii) a harmonic map is obviously a biharmonic map. We call proper biharmonic 
the biharmonic non-harmonic maps; 

(iii) a harmonic map is an absolute minimum of the bienergy; 

(iv) if M is compact and Riem^ < 0, i.e. the sectional curvature of (A^, h) is 
non-positive, then i;^ : M ^ is biharmonic if and only if it is harmonic; 

(v) (p : M ^ N IS a Riemannian immersion with |r((/))| = constant and 
Riem^ < 0, then (f> is biharmonic if and only if it is harmonic (minimal). 

The first three remarks are immediate consequences of the definition of the bienergy 
and of (II. ip . The non-existence results (iv) and (v) are proved in [9] and in [16] . 
respectively. 

On the other hand, in Euclidean spheres we do have examples of proper biharmonic 
submanifolds, i.e. non-minimal submanifolds for which the inclusion map is bihar- 
monic. It was conjectured in [3] that the only proper biharmonic hypersurfaces in 
S™'"^^ are the open parts of the hypersphere and of the generalized Clifford 

torus S''"i(-i=) X S™2(-_i^-)^ mi +m2 = m and mi / m2. 
For a general account on biharmonic maps see [12| . 

2.2. The Gauss map. Consider M™ to be a m-dimensional oriented submanifold 
in ]R"^+". The map which assigns to every point p £ M the oriented tangent space 
TpM, thought of as a point of the Grassmannian of oriented m-dimensional subspaces 

of M™+", 

7 : M — > G{m,n) 
p ^ TpM, 

is called the Gauss map associated to AI. 

As usually, the Riemannian structure on G{m, n) is defined by considering the 
Euclidean metric on R™"^" and by identifying the tangent space to G{m, n) at a 
point P E G{m, n) as follows: 

TpG{m, n) = Hom(P, P^) = P* ® P-^. 

Thus, if we fix a positive oriented orthonormal basis 6i , . . . , Cm of P and complete 
it to an orthonormal basis of R*""*"" with Cm+i, ■ ■ ■ , Gm+n, spanning P"*", then a basis 
of TpG{m, n) will be given by 

a=l,n 
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which can be also written as 

{ei A . . . A ei_i A e^+a A ei+i A ... A em]i=T^- 

a=l,n 

The Riemannian metric on the Grassmannian G{m, n) is given by requesting that 
the basis {e* Cm+a} is an orthonormal basis. 

The curvature tensor field can be determined by identifying the Grassmannian as 
a symmetric space (see, for example, |17l p. 219]) and in our formalism 

Rp{pi,p2)p3 = {Xi,X2){m,m)X3 0m- {Xi,X2){m,m)x^(^v2 

(2.1) + {X2,X:,){m,m)Xl0m-{Xi,Xs){m,m)X*2(^rjs, 

where P € G{m, n) and pi = X* (g) r/j, Xi £ P, r]i £ P-^ , i = I, 2, 3. 

We recall that for the pull-back bundle of the tangent bundle induced by 7 we 
have the isometric identification 

j-\TG{m,n)) = (j T^(p)G{m,n) = \J {T;M ® NpM) = T*M ® NM, 
where NM denotes the normal bundle of M in M™+"'. 

2.3. The tension field of the Gauss map. In the following we intend to recall 
the fundamental technical steps needed for the characterization of the harmonicity 
of the Gauss map. 

Consider v E TpM. In order to compute d'y{v) consider a : / — > M to be a curve 
with (t(0) = p and &{0) = v. Let now {ei}^^ be a positive oriented orthonormal 
basis in TpM. By parallel transporting it along a we obtain a positive oriented 
orthonormal basis {ei{t)}'!^^ in T^-j-^^M, for all t. Since ei{t) are obtained by parallel 
transport along a, we have 

e,(t) = Vr^"e, = Vf e, + B{&,e,{t)) = B{a,e^{t)), 

where B is the second fundamental form of M in M'""''"'. This implies that 



t=o 



m 



(2.2) = '^e*®Biv,ei), 

i=l 

by using the standard identifications. 

The fundamental result concerning the harmonicity of the Gauss map was ob- 
tained in [18]. We shall present here a computation that follows By using (12. 2p 
one can compute the tension field of the Gauss map in terms of the mean curvature 
of M. Since the bundles ^~^{TG{m, n)) and T*M(^NM are isometric, we can write 

where the section p E G{'y~^{TG{m,n))) in the pull-back bundle is such that it can 
naturally be identified with oj ^ rj e G{T*M ® NM). 

Consider {Ei}^^ to be a local positive oriented orthonormal frame field, geodesic 
at p E M. By using the expression <\2.2\) for the differential of the Gauss map and 
the consequence of the Codazzi equation, V-^_B{Ej, Ek) = V-^M{Ei, Ek), for all 
k, we get at p, 

m m 

(2.3) r(7) = J2'^dj{Ei,Ei) = m^E*C^Vi.H, 

i=i j=i 
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where H = — trace B is the mean curvature vector field of M in M''"^" . We note 
that E* coincides with E'"- obtained by the musical isomorphism b. 
Then, the Ruh-Vilms Theorem is an immediate consequence of (j2.3p . 

3. The biharmonic equation for the Gauss map 

Inspired by the expression for the tension field given in the previous section, 
we now characterize the biharmonicity of the Gauss map in terms of the second 
fundamental form of the submanifold. We obtain 

Theorem 3.1. The Gauss map associated to a m-dimensional orientable submani- 
fold M of M'"+" is biharmonic if and only if 

Vj,A^H - mVi^^^^H + trace S(2A^x^^(X) - A^x^( • ), • ) 
(3.1) -2traceR^{-,X)V^H -trace{V^R^){-,X)H = 0, 

for all X G C{TM), where A denotes the Weingarten operator and H the mean 
curvature vector field of M in M™"'"" . 

Proof. We fix an orientation on M and consider to be a local positive ori- 

ented orthonormal frame field, geodesic at p G M. In order to determine the biten- 
sion field of the Gauss map, by using (j2.ip . (|2.2p and (j2.3p we obtain 

m 

trace i2(a!7,r(7))d7 = ^ ii(d7(Si), •^(7))«!7(^i) 

i=l 

m 

= m R{E*(^B{Ei,Ej),El®V^^H)El®B{Ei,Ek) 

h,i,j,k=l 
m 

= m {6,h{V^^H,B{Ei,Ek))El^B{Ei,Ej) 

h, i,j,k=l 

-6jh{B{Ei,Ej),B{Ei,Ek))El0Vi,H 
( Vi,^ H,B{Ei,Ej))E* 0B{Ei,Ek) 
-Sjk{Vi^H,B{Ei,Ej))El^B{Ei,Ek)] 

m 

= ^ E {{'^i,H,B{Ei,Ek))El(^B{E„Ej) 

i, j,k=l 

-{B{E,, Ej),B{Ei, Ek))El ® V%H 
+{Vi^H,B{m,Ej))E* ^ B{Ei,Ek) 
-{V^^H, B{Ei, Ej))El B{Ei, E^)]. 
Further computations lead to 

m m 

trace 72(^7, T(7))d7 = m {ii;^ ® ^ ((2(vi^J/, 

fc=i ')j=i 
-{B{E,,E^),V^^H))B{Ei,E,) 

-{B{E,, Ej),B{Ei,Ek))viM)}. 
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By using the Weingarten operator we can express 

2{vi^H,B{Ei,Ek)) - {BiE„E,),Vi^H) = (2A^x (Ek) - A^^ iE,),Ei), 

and from the Gauss equation of M in W^~^^, 

{B{Y,T),B{X,Z)) = {B{X,T),B{Y,Z))-{R^{X,Y)Z,T), \/X,Y, Z,T e C{TM), 
foiY = Z = Ei,X = Ek, T = Ej, we get 

m m 

{BiE„Ej),B{Ei,Ek))Ej = ^ [{B{Ek, Ej), B{Ei, Ei)) - {R^^ {E^, Ei)E„ 1 

i,j=l i,j=i 

m 

= Y[m{AHiEk),Ei))Ei-R^{Ek,Ei)Ei] 

i=l 

= mAH{Ek)-mcci^{Ek), 

where Ricci^ denotes the Ricci tensor field of M. 
By summing up ah of the above we obtain 

m m 

trace i?(d7,r(7))d7 = ® ( ^ 5(2^^^ jjiEk) - A^^ HiEj),Ej) 

k=l 3=1 ' * 

(3-2) -mV\,E.H + Vi._,M,^^, ,h) . 



In order to compute — A'^r(7) wc recall that, since {Ei}"^^ is geodesic at p, EiEkjp 
and {V EiEk)p = 0, for all i, A; = 1, . . . , m. Thus, at p we have 

m m 

traceVV(7) = ^VlVlri^) = m "^l^UK ^^k^) 

i=l i,k=l 
m 

= rnJ2^l {^E,El ® V^H + El® ViV^H) 

i,k=l 
m 

i,k=l 
m 

i,fe=l 

m 

(3.3) = mY.El^^k'^k'^kH- 



i,k=l 



Moreover, by using the curvature tensor fields i?^ and i?-*-, for V and V"*-, respec- 
tively, at p we obtain 

^E^E^kH = Vk[RHEi,Ek)H + Vk^iH + Vf-E^^E^^H) 
= {V^^R^){E„Ek)H + R^{E,,Ek)V^M 

= {V^^R^){E^,Ek)H + 2R^{E„Ek)V^M 
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thus 

m 

trace VV(7) = m^El® (^tTace{{V^R^){- ,Ek)H + 2R^{- ,Ek)V^H] 

k=l 

(3-4) -V4A^/7 + Vj^^^^^„(^^)F). 

We finally substitute p.2p and p.4p into the biharmonic equation and conclude. □ 

3.1. The case of hypersurfaces. Let M be a nowhere zero mean curvature hy- 
persurface in M™'^^. We obtain 

Theorem 3.2. The Gauss map of a non-minimal hypersurface M™ in M™"*"^ is 
proper biharmonic if and only if grad f ^ and 

(3.5) A grad / + ^^(grad /) - 1^1^ grad / = 0. 

where A denotes the rough Laplacian on C{TM) and f and A denote the mean 
curvature function and, respectively, the shape operator of M in M'"+^ . 

Proof. In this case we can consider the expression of the mean curvature vector 
field as H = fr], where / = \H\ is the mean curvature function of M in 1^™+^ and 
r] = jjjjH is a unit section in the normal bundle NM. 

In the following we shall use the general biharmonic equation (13. ip and express it 
for the case of hypersurfaces. 

Since H = frj and V^r] = 0, we get that 

(3.6) trace R^{- ,X)V-^H = 
and 

(3.7) trace{V^R^){-,X)H = 0. 

By considering now to be a local orthonormal frame field on M we obtain 

m 

trace S(2Avx^H(^)-^viH(-), •) = ^{2B{A{X),Eiif)Ei) - X{f)B{A{Ei),Ei)] 

i=l 

(3.8) = {X,2A\gTadf)-\AWmdf)rj 



and 

(3.9) Vi^^^)H={XJA{gTadf))7j. 

For the final term, we recall that grad A/ = A grad / + Ricci^(grad /). Also, as a 
consequence of the Gauss equation for M in ]R™+-^, we have 

Ricci*^(grad /) = m/A(grad/) — A^(grad/). 

Thus, it follows that 

Vj,A^H = (X,gradA/)r? 

(3.10) = (X,Agrad/ + m/^(grad/) - A2(grad/))?7. 

Finally, by replacing the expressions dHS]), dMl), <^M, dHS]), (IXTIl in (HH), we 
deduce that the Gauss map of the hypersurface is biharmonic if and only if 

{X^Agradf + A'^{gvadf) - |Apgrad/) =0, VX G C{TM), 

and this completes the proof. □ 
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Example 3.3. The first example of hypersurface with proper biharmonic Gauss map 
is obtained by analyzing the right cylinders in . A right cylinder in R'^ determined 
by a plane curve parametrized by arc length has proper biharmonic Gauss map if 
and only if the curve is a clothoid or a Cornu spiral. Indeed, consider a right cylinder 
in M^, determined by a curve a : I ^ M?, parametrized by arc length. Denote by 
s the parameter along a and by t the parameter along the generatrix. If k denotes 
the signed curvature of a, then the mean curvature function is f{s,t) = ib^/c(s). 
Moreover, since A^(grad/) = |Apgrad/ = /c^(s)grad/, equation (|3.5p becomes 
k = 0, hence A; is a second degree polynomial in s and, by using the fundamental 
theorem of plane curves, we deduce that a is a clothoid. 

By a straightforward computation we obtain 

Proposition 3.4. Let be a submanifold in W^'^"'. Then the generalized cylinder 
Mx Af inW^^"'^^ has biharmonic Gauss map if and only if M has biharmonic Gauss 
map. 

4. HyPERCONES with BIHARMONIC GAUSS MAP 

In order to obtain some examples of hypersurfaces with biharmonic Gauss map, 
in the following we shall study the hypercones generated by hypersurfaces of the 
unit Euclidean sphere. 

Let us first consider M to be an arbitrary r-dimensional submanifold of the unit 
Euclidean sphere §™^^. The cone in M™-"^^ generated by M is defined by the im- 
mersion 

(p:{0,oo)xM — > M™+2 
{t,p) 1 — >t-p. 

The differential of (j) is determined by 

#(i,p)(5/9i(t,p)) =P = x"{p)ea{(l)ip)), 
d4>(t,p){^{t,p)) = tXp = t^°'{p)ea{(t){p)), 

where {ea}^=i is the canonical orthonormal frame field on M"^+^, X S C{TM) with 
X{p) = i°'{p)e-a{p) S R™"'"^, for all p € M, and, typically, we use the same notation 
for a vector field and for its lift to the product manifold. 

If we denote by 'g the metric on M, then the immersion : (0, oo) x M ^ R™"*"^ 
induces on the product (0, oo) x M the warped metric g = dt^ + t^'g. Thus the cone 
can be seen as the warped product 

M = (0,oo) x^2 M. 

Denote by V and V the Levi-Civita connections on M and on M, respectively, 
and recall that (see [HI p. 206]) V is completely determined by 

f ^a/atd/dt = 

(4.1) I Va/atX = Vxd/dt = \X 

( VxY = VxY-t{X,Y)d/dt, 

where X,Y C (TM) . The second fundamental form of the cone in R*""*"^ , obtained 
by using (|4.1|) . is given by 

(4.2) B{d/dt, d/dt) = 0, B{X, d/dt) = 0, B{X, Y) = tB{X, Y), 

for all X,Y £ C{TM), where B denotes the second fundamental form of M in S™^"*^. 
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Thus, if we denote by A the Weingarten operator of M in S™'^^ with respect to 
an arbitrary fixed unit section rj in the normal bundle of M in S™^^, we obtain 
the expression for the Weingarten operator A of the cone with respect to the unit 
section r]{t,p) = r]{p), {t,p) G M, in the normal bundle of M in R*""*"^, 

(4.3) A{d/dt) = and A{X) = jA{X), 

for all X G C(rM), and, consequently, |Ap = ^\A\'^- 
Moreover, for a smooth function / G C°°{M), we have 

df 1 

(4.4) grad / = -^d/dt + ^ grad ft 



and 



where ft £ C°°(M), ft{p) = f{t,p), for all p G M and t G (0, oo). 

We are now ready to write down the conditions for the biharmonicity of the Gauss 
map associated to a hypercone. 

Theorem 4.1. Let M be a non-minimal hypersurface of E>"^~^^ . The Gauss map 
associated to the hypercone {0,oo) Xt2 M is proper biharmonic if and only if 



(4.6) 



Agrad/ + A^(grad/) + (2m - 3 - |^p)grad/ = 



3A/ + (3m-6-|^|^)/ = 



where A and f G C°°{M) are the shape operator and the mean curvature function 
of M mS*"^^, respectively. 

Proof. Consider d/dt and {Ei}'^-^ a local orthonormal frame field on M, geodesic at 
p. Then <^d/dt, jEi | constitutes a local orthonormal frame field on (0, oo) x^2 M. 

Denoting by / is the mean curvature function of M in S"*"*"^ and using ()4.2p . we get 
the mean curvature function / of the hypercone, 

/= i/. 

■' {m+l)f' 



Using ()4.4p . we get 



{m + 1 

and this, together with (|4.3p . implies 



(4.7) ^'(grad/) = ^'(grad/). 

(m + Ij t^ 

Also, 

(4.8) - l^pgrad/ = -^l] (/S/^t - ^ grad J 
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In order to compute A(grad/) = — trace V^(grad /) we shall use ()4.ip . Thus, 



trace V2(^^/9/5tj 



1 1 1 

i=l 

79/9i + ^ [EiiE,{7))d/dt + -E,(J)Ei - 3fd/dt] 



and 
trace 



t3 



grad/ 



t4 



i ((6 - 3m) / - A /) + | grad /, 



/ 1 



Using the two expressions above we obtain 
(4.9) 



Vs/etVa/ai(^^grad/^ 

1 1 1 

+^ {^^^.^^» §^^^7 - Vv^^E, grad/) } 

6 1 1 

_ grad / + ^ {^Vij^ (Vs, grad / - t{Ei, gTadJ)d/dt) 

i=l 

- 1 grad/} 

2 1 _ 

A fd/dt + — ((5 - 2m) grad / - A grad /) . 



A(grad /) = ^^{ji ((6 - 3m)/ - 3A /)a/9t + ^ ((2m - 3) grad / + A grad /) |. 

By substituting (|4.7p . (14. 8[) and (14.91) in p.Sp . we obtain the desired result. □ 

Corollary 4.2. Let M be a non-minimal hypersurface ofS"^'^^ with constant norm 
of the shape operator. We have 

(i) if the Gauss map associated to the hypercone (0, oo) x^2 M is proper bihar- 
monic, then 



(4.10) 



2^^(grad/) -m/yl(grad/) - -|^pgrad/ = 0. 

3 



(ii) if M is compact, then the Gauss map associated to the hypercone is proper 
biharmonic if and only if M has constant mean curvature in 8*"+^, m > 2 
and = 3(m - 2). 



Proof. The second equation of (j4.6p implies 

3gradA7+(3m-6 - |]4p)grad7 = 0, 
and, since grad A / = A grad / + Ricci^^(grad /), we obtain 

Agrad7=(2-» + lp|^)grad7-Ricci^fe»d7). 



We substitute this expression in the first equation of ()4.6p and it follows that 



A" (grad/) - Ricci^'^(grad/) + (m-l-^|A|^) grad / = 0. 
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Finally, from the Gauss equation for M in we deduce that 

Ricci*^(X) = (m - l)X + mJ^{X) - '^{X), VX G C{TM), 
and we conclude. 

In order to prove (ii) , we integrate the second equation of (14. 6p and we get 2>m — 
6 — |Ap = 0, and then / is constant. □ 

As a consequence of Theorem 14. II we obtain, 

Theorem 4.3. Let M he a constant non-zero mean curvature hypersurface o/S™^^. 
The Gauss map associated to the hypercone (0, oo) x^2 M is proper biharmonic if 
and only ifm > 2 and |Ap = 3(m — 2), where A is the shape operator of M in 



Proof. If / is constant, then the first condition of (|4.6p is identically satisfied and 
the second one implies = 3(m — 2). The converse is immediate. □ 

For the case of hypercones in and M^, i.e. m = 1 and m = 2, we have the 
following non-existence results. 

Theorem 4.4. There exist no cones in with proper biharmonic Gauss map. 

Proof. Consider a cone in generated by a curve o" : / ^ S^, parametrized by arc 
length. Denote by s the parameter on the curve and hy T = & the tangent vector 
field along a. Since V|. T = kN, with the unit normal vector field along a, the 
mean curvature function is given by / = ±k, 

A{d/ds) = kd/ds and \A\^ = fc^, 

gradf = ±kd/ds and Agiad f = ^kd/ds. 
Thus, condition (14. 6p becomes 

k + k = 



(4.11) 



k{3 + k^) + 3k = 0. 



This implies that kk'^ = 0, hence k = 0, i.e. the Gauss map of the cone is harmonic, 
and we conclude. □ 

Theorem 4.5. There exist no hypercones inW^, over compact non-minimal surfaces 
M C S^ with proper biharmonic Gauss map. 

Proof. Suppose that the Gauss map of the hypercone over M is proper biharmonic. 
Since m = 2, the second equation of (j4.6p leads to 

(4.12) 3A7-|Ap7 = 0. 

By integrating condition (j4.12p on M and by using the fact that / is positive, we 
conclude that \A\'^ = and we have a contradiction. □ 

When m > 2, we have examples of hypercones with proper biharmonic Gauss 
map. Recall that if M is a hypersurface in S"*^^, then the cone over M has harmonic 
Gauss map if and only if M is minimal in (see U^)- This does not hold 

in the case of the biharmonicity. Indeed, by considering M to be a constant mean 
curvature proper biharmonic hypersurface of S™^^ and by using the fact that the 
squared norm of the shape operator of such a submanifold is equal to m (see [3]) we 
get 
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Theorem 4.6. Let M he a constant mean curvature proper biharmonic hypersurface 
^ygm+i^ T/ien the hypercone (0, oo) M has proper biharmonic associated Gauss 
map if and only if m = 3. 

Remark 4.7. Theorem 14.61 can be deduced, for the particular case of the hyper- 
sphere of radius equal to ^j, in a more geometrical manner. The argument is the 
following. In [11], the authors proved that if -0 : — > S"*(--i=) is a harmonic map 
and i : ^ denotes the inclusion map, then the tension and bitension 

fields of the composition are given by 

(4.13) T(i o ^) = -2e(^)rJ and ^r2(i o -0) = (Ae(V'))?? - 2dip{gTad e{ip)), 

where e{ip) denotes the energy density of the map ip and rj the unit section of the 
normal bundle of '^"^{^) in S™'"''^. The Gauss map associated to the hypercone 
(0,oo) S'"(^) are given by 

7:(0,oo)x,. S-(-^)^S-+i 
l{t,p) =v{p), 

i.e. 'j(t,x^, . . . ,x^~^^, -^) = {x^, . . . ,x^~^^, —^)- We can thus think of 7, up to an 
isometry, as the composition i o ^, where 

V'(t,p) =p. 

The map ^ is the projection onto the second factor of a warped product, so it is a 
harmonic map. Now, since dip{d/dt) = and dTp{X) = X, for all X G C(TS'"(-i=)), 
the energy density of ip is e{Tp) = ^ and grade(^/^) = —^d/dt. Thus, we deduce 
that 

(4.14) Ae(V') = — and dV(grad e(V')) = 0. 

Finally, by using (|4.13|) and (j4.14|) . we conclude that the Gauss map associated to 
the hypercone (0, 00) x^2 §™(-i=) in M™"^^ is proper biharmonic if and only if m = 3, 
in accordance with Theorem 14^ 



5. HYPERCONES generated by ISOPARAMETRIC HYPERSURFACES IN SPHERES 

We recall that a hypersurface in S™+^ is said to be isoparametric of type 
i if it has constant principal curvatures ki > ... > kg with respective constant 
multiplicities mi, . . . ,m^, m = mi + m2 + . . . + m^. E. Cartan classified in [5] 
the isoparametric hypersurfaces with i = 1,2,3. For i > 3 a full classification of 
isoparametric hypersurfaces is not yet known. Nevertheless, it is known that the 
number i is either 1,2,3,4 or 6 (see [13]) and the following information on the 
principal curvatures and their multiplicities is available. 

(i) If ^ = 1, then M is totally umbilical. 

(ii) If £ = 2, then M = §"^^{ri) x S"'^{r2), rf + r^ = 1. 

(iii) If ^ = 3, then mi = m2 = ms = 2'^, q = 0, 1, 2, 3. 

(iv) If ^ = 4, then mi = and m2 = m4. Moreover, (mi, m2) = (2, 2) or (4, 5), 
or mi + m2 + 1 is a multiple of 2^*^™" where p{s) is the number of integers 
r with 1 < r < s, r = 0, 1, 2, 4 (mod 8) and m* = min{mi, m2}. 

(v) If £ = 6, then mi = m2 = . . . = mg = 1 or 2. 



4m— 6 ' 
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Moreover, there exists an angle 9, < 9 < j , such that 

( (y — 1 ITT 

(5.1) ka = cot{9 + ^ — -^), a = l,...,i. 

We now study the biharmonicity of the Gauss map of the hypercones generated 
by isoparametric hypersurfaces in spheres. We shall detail this study according to 
the type i of the isoparametric hypersurface. 

Isoparametric hypersurface with i = 1. In this case M is a hypersphere S'"(a), 

— 1 - 

a G (0, 1), in Since lAP = m 7: — , by using Theorem 14.31 we obtain 

Proposition 5.1. Consider the hypercone (0, cxd) X(2 S'"(a), a € (0, 1), in 1^"*+^. Its 
associated Gauss map is proper biharmonic if and only if m > 2 and a = 

Remark 5.2. We underline the fact that Proposition 15.11 provides examples of hy- 
persurfaces with proper biharmonic associated Gauss map in any (m+2)-dimensional 
Euclidean space, with m > 2. 

Isoparametric hypersurface with i = 2. In this case M is a generalized torus 
§™^(ri) X §™2(r2) C E'^^^, nil + m2 = + = 1. The squared norm of the 

shape operator is \A\^ = + (^)^m2 and, by using Theorem 14.31 we get 

Proposition 5.3. Consider the hypercone (0, 00) (S™'^(ri) x S'"^(r2)) in 

Its associated Gauss map is proper biharmonic if and only if m > 3, ^ / ^ and 

''"1 '^2 

(5.2 ^ + ^=4m-6. 

rf r| 

Remark 5.4. In order to obtain an example, consider m > 3, mi = 1, and m2 = 
m — 1. Then 

2 _ 3m - 4 ± \/9m2 - 40m + 40 2 _ " 8 =F \/9m2 - 40m + 40 

"^'^ 2(4m-6) ^"""^ ''2= 2(4m-6) 

are solutions for (15.21). 



Isoparametric hypersurface with i = 3. In this case, taking into account (j5.ip . 
there exists 9 G (0,7r/3) such that 

ki = cot ^, k, = cot {9+-) = k, = cot {e + -) = 

Thus, the square of the norm of the shape operator is 

(5.3) \A? = 2^{kl + kl + kl) = ^'^^^^ 

andm = 3-2'', 9 = 0,1,2,3. _ 

On the other hand, from Theorem 14.31 the hypercone generated by M has proper 
biharmonic Gauss map if and only if 

\A\^ = 3(m - 2) = 3(3 • 2« - 2). 

The last equation, together with (|5.3p . implies that ki is a solution of 

(5.4) 3-2'ix^ + (18 - 27 • 2") + (-12 + 33 • 2"?) + 2 - 2« = 0. 

If g = 0, equation ()5.4p becomes 3x^ — + llx^ + 1 = and it has no real roots. 
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If g = 1, equation (j5.4p becomes — 3)^ = 0, which has one root x = ^/S in 

(■^, oo). Notice that when ki = \/3, M is minimah 

If g = 2, equation (j5.4p becomes — 45a;^ + 60x^ — 1 = and it has two distinct 
roots in (^,oo), different from \/3. 

If g = 3, equation (j5.4p becomes 4x^ — 33x^ + 42x^ — 1 = and it has two distinct 
roots in (-^j oo), different from \/3. 

We can conclude, 

Proposition 5.5. Consider an isoparametric hypersurface of type 3 in S"*^^. The 
Gauss map of its hypercone is proper biharmonic if and only if 

(i) q = 2 and the first principal curvature ki is one of the two roots of the 

equation 6x^ — Abx^ + 60x^ — 1 = in oo), 
or 

(ii) q = 3 and the first principal curvature ki is one of the two roots of the 
equation 4x^ — 332;'^ + 42x^ — 1 = in oo). 

Isoparametric hypersurface with i = 4. In this case, taking into account ()5.ip . 
there exists 9 G (0,7r/4) such that 

ki = cot 9, k2 = cot + t) = 1^ 7) 

4 Kl + 1 

k, = cot [9 + -] = --, k, = cot {9 + -) = 
The square of the norm of the shape operator is 



\A\'^ = mi[kl + ^]+m2 



"1 



A;i + 1 ' 



(5.5) = miA+16m2 — h2(mi+m2), 

A 

where X = (^ki - -^^ . 

Since in this case m = 2(mi + m2), from Theorem 14.3^ the hypercone generated 
by M has proper biharmonic Gauss map if and only if 

\A\'^ = 3(m - 2) = 6(mi + m2 - 1). 

The last equation, together with (j5.5p . implies that A is a solution of 

(5.6) miA^ - (4(mi +m2) - 6)A + 16m2 = 0. 

Notice that if (mi, 7712) = (2,2) or (4,5), equation (j5.6p has no real roots. Conse- 
quently, we obtain 

Proposition 5.6. Consider an isoparametric hypersurface of type 4 in S™^^. The 
Gauss map of its hypercone is proper biharmonic if and only if its first principal 

curvature ki is given by the condition that A = (^ki — is the positive solution 
of the equation 

miX^ — (4(mi + 7712) — 6)A + 16m2 = 0, 

and mi + 771-2 + 1 is a multiple of 2''*^™*"^^ where p{s) is the number of integers r 
with 1 < r < s and r = 0, 1, 2, 4 (modS). 
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Example 5.7. In order to obtain an explicit example for this case we shall consider 
from the Takagi list (see |20j ) the following homogeneous hypersurfaces with four 
principal curvatures, 

(5.7) M = S{U{k) X C/(2))/(r2 X SU{k - 2)) c S2"+i, 

where n = 2A; + 1, n > 5. 

Since mi = n — 2 and m2 = 2, from Proposition 15.61 we deduce that the Gauss 
map of the hypercone over M is biharmonic if and only if 

(5.8) (n - 2)\^ - (4n - 6)A + 32 = 0. 

By denoting sin^ 29 = x ^ (0, 1) we have A = 4^^, and equation (15. 8p becomes 

(5.9) (4n - 3)x2 - (6n - ll)x + 2(n - 2) = 0. 

Since n is odd, (|5.9p has real roots if and only if n > 9. It is easy to verify that, for 
n > 9, the two real roots of (j5.9p are in (0, 1) and we obtain 

. 2^n 6n - 11 ± V4n2 - 44n + 73 

(5.10) sm 2t^ = r . 

^ ' 2(4n - 3) 

Notice that M is minimal if and only if 

{n - 2) cot^ 9-2{n + 2) cot^ 6» + (n - 2) = 0, 
thus, the Gauss map of (0, oo) X(2 M is harmonic if and only if 

(5.11) cot2 = ^^^i^. 

Since n > 9, from (j5.10p and (j5.1ip we get that (0, co) x^2 M has proper biharmonic 
Gauss map if and only if n > 9 and 



1 /6n - 11 ± V4n2 - 44n + 73 

■ arcsin 



2 y 2(4n - 3) 

Isoparametric hypersurface with £ = 6. In this case, taking into account (|5.ip . 
there exists G (0,7r/6) such that 

TT. "v/S/ci — 1 



ki = cot 6, k2 = cot 



6^ ki + V^' 



fc3 = COt(. + -) = ^^^-^, ^4 = cot (. + -)=--, 

If mj = 1, i = 1, . . . , 6, then the square of the norm of the shape operator is 
I^l2 _ 9/cP + 495A;^ - 528fcg + 495A;f + 9 

^ ^ ^ ' ' " /fc2(3^4_ioA;2 + 3)2 ' 

and since m = 6 the hypercone generated by M has proper biharmonic Gauss map 
if and only if 

= 12. 

The last equation, together with (j5.12p . implies that ki is a solution of the equation 

x^^ - 12x^° + 135a;^ - 216x^ + 135x^ - I2x^ + 1 = 0, 
which has no real roots. 
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If TTij = 2, z = 1, . . . , 6, a similar computation leads to the conclusion that ki is a 
solution of the equation 

3x^2 - 45x^° + A65x^ - 766x^ + 465a;'' - 45x'^ + 3 = 0, 

which has no real roots. 
Conclusively, we have 

Proposition 5.8. There exist no isoparametric hypersurface of type 6 whose asso- 
ciated hypercone has proper biharmonic Gauss map. 
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